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1. Introduction

In the last few years, several new discoveries have shed light on the AdS/CFT correspon-
dence [[]-f]. This correspondence maps strings moving in an AdSs x S°® background to
an N = 4 supersymmetric Yang-Mills (SYM) theory. The eigenvalues of the dilatation
operator are mapped to the energies of closed string states [H]. A step in understanding
this duality better was the discovery that the dilatation operator of the NV = 4 SYM is
proportional to the Hamiltonian of an integrable spin chain [J—f.

Recently, progress has been made to extend the gauge/gravity-correspondence, in con-
text of spin chains, towards more realistic models with less supersymmetry [§-[2]. For
instance, if the background geometry for the string is AdS5 x W, where W is some com-
pact manifold, the dual gauge theory should still be conformal. Other geometries, mainly
orbifolds of AdSs x S°, corresponding to non-conformal theories have also been investi-
gated [[L3, [L4].

The success in using spin chains to study the duality beyond the BMN limit motivates
studies of integrability of deformed correlators. One question that naturally arises in this
context is whether integrability is related to supersymmetry, conformal invariance or have
more geometrical reasons.



The Leigh-Strassler deformations [[[] preserve A/ = 1 supersymmetry and conformal
invariance, at least up to one loop. It is hence of great interest to investigate if there exist
points in the parameter space where the dilatation operator is mapped to an integrable
spin-chain Hamiltonian. This question has been under investigation in @’E] In [@]
this deformation was studied in a special case corresponding to a g-deformed (often called
[-deformed) commutator. It was found that for the sector with three chiral fields the
dilatation operator is integrable for ¢ equals root of unity.

In reference [R(], a way of generating supergravity duals to the 3-deformed field theory
was introduced, and in [§, f, agreement between the supergravity sigma model and
the coherent state action coming from the spin chain describing the §-deformed dilatation
operator was demonstrated. This way of creating supergravity duals was used in 27 to
construct a three-parameter generalization of the g-deformed theory. The gauge theory
dual to this supergravity solution was found in [P, [[§ for ¢ = €" with ~y; real, corre-
sponding to certain phase deformations in the Lagrangian. This gauge theory is referred
to as twisted SYM, from which the (3-deformed theory is obtained when all the v; = £.
The result is that the theory is integrable for any ¢ = €™ with 7y; real [L§). The general
case with complex ~; is not integrable [[[7, [

In the present work, the ¢g-deformed analysis is extended to the more general Leigh-
Strassler deformations with an extra complex parameter h, in order to find new integrable
theories. A site dependent transformation is found which relates the v;-deformed case to a
site dependent spin-chain Hamiltonian with nearest-neighbour interactions. In particular
when all «y; are equal, the transformation relates the g-deformed theory to the h-deformed
theory, i.e. the theory only involving the parameter h. In particular, we find a new R-
matrix, at least in the context of N' = 4 SYM, for ¢ = 0 and h = ¢ with 6 real.
We also find all R-matrices with a linear dependence on the spectral parameter which
give the dilatation operator. A general ansatz for the R-matrix is given. Unfortunately,
the most general solution is not found. However, we find a new hyperbolic R-matrix
which corresponds to a basis-transformed Hamiltonian with only diagonal entries [Lg]. A
reformulation of the general R-matrix shows that the structure of the equations obtained
from the Yang-Baxter equations resemble the equations obtained in the eight vertex model.
This gives a clear hint how to proceed.

In the dual supergravity theory, some attempts to construct backgrounds for non-zero
h have been done [PJ, P4]. Apart from the five-flux there is also a three-flux. A step going
beyond supergravity was taken in [2§] where the BMN limit was considered. We hope
our results will make it easier to find the supergravity dual of the general Leigh-Strassler
deformed theory.

2. Marginal deformations of N’'=4 supersymmetric Yang-Mills

To study marginal deformations of N'=4 SYM with SU(N) gauge group, it is convenient
to use N' = 1 SYM superfields. The six real scalar fields of the N = 4 vector multiplet
are combined into the lowest order terms of three complex A/ = 1 chiral superfields @, ®;



and ®5. It is well known that the A = 1 superpotential

1
Wi=1 = 5;Caic” 27250 , (2.1)
where Cgl;ICK is the coupling constant, describes a finite theory at one-loop if the following

two conditions are fulfilled 24, P7|

3C5(G) =Y T(A)), and CIKLCbd  — 2427 (A;)8,67 . (2.2)

I
The constant Co(G) is the quadratic Casimir operator defined here! as Cy(G)-1 = 6, T9T4
where A is the adjoint representation of the group G which in the present context is the
symmetry group SU(N). The constant T'(M) is defined through T'(M)§® = Tr(T¢T%,) for
the representation M. The first condition of (R.2) implies that the S-function is zero. For

an SU(N) group with the superpotential (R.1)) this is automatically fulfilled. The choice
ClIK

abc
there are more general superpotentials satisfying the one-loop finiteness conditions. To ex-

= ge!/K f.1. therefore gives a superconformal A" = 1 theory at one-loop. However,

plore marginal deformations of N'= 4 SYM we consider the Leigh-Strassler superpotential

3]

1 1
W = gAEIJKTI‘ [®r, @] Px] + ghUKTr {7, ®,} Pk] , (2.3)
where h!7K is totaly symmetric. The coupling constants can now be written as CI/K =

NelTE fove + RIYE Ty [{T,, T, } T.]. The non-zero couplings are chosen to be h012 = (1 —
q)/(1 4+ q) and AT = 2\h/(1 + q). In terms of the deformation parameters q and h the
superpotential (2.3) becomes

2\
W_1+

h
qTr PoD1Py — gP1BPs + (@ + @ + @3) | . (2.4)
This deformed superpotential will be our main focus.

The presence of ¢ and h in the superpotential (R.4) breaks the SU(3) symmetry in the
chiral sector. What is left of the symmetry is a Z3 x Z3 symmetry. The first Z3 permutes
the ®’s and the second takes &g — w®q, ®; — w?®; and $y — P9, where w is a third root
of unity.

The one-loop finiteness condition (P.3) is satisfied if

2 A2

2 _
P T G | .

In the large-N limit, which we consider, the relation (P.§) becomes even more simple. The
one-loop finiteness condition (2.9) also implies that the scalar field self-energy contribution
from the fermion loop is the same as in the A/ = 4 scenario, due to the fact that the fermion
loop has the contraction CU{CIELC'LI}% ;- The parameters in (.3) span a space within which

!Our conventions are: T* are the SU(N) group generators, satisfying 7% = T2, The normalization of
T is given by Tr(T*T?) = §*° /2 from where it follows that Tr(T5T%) = N6 in the adjoint representation
A.



there exists a manifold, or perhaps just isolated points, 5(g, A, ¢, h) = 0 of superconformal
theories to all loops [[[§]. In the limit ¢ — 1 and ~ — 0 the N' = 4 SYM is restored.
Marginal deformations away from this fixed point will be explored in the following sections
by means of integrable spin chains.

3. Dilatation operator

From the Leigh-Strassler deformation (R.4) of the N' = 4 SYM theory it is possible to
obtain the dilatation operator in the chiral sector. In this sector, the only contribution
is coming from the F-term in the Lagrangian, under the assumption that the one-loop
finiteness condition (R.9) is fulfilled. The scalar field part of the F-term can be expressed
in terms of the superpotential as

2

oW . (3.1)

0P¢

0P,

o oW oW
e 9P,

Using ¢g, ¢1 and ¢o to denote the complex component fields, the Lagrangian becomes
(omitting the overall factor 2\/(1 + ¢) in (2.4))

Lp = Tr [¢idir10i410i — @Pit10ihir10i — ¢ Piiy10iis1)
+ Tr [q¢* Giy10ididit1 — qh* diy10idir2divs — ¢ hdiraditodidip]
+ Tr [hdit2¢ivodir10i + b ¢idit10ir20iva + hh* ¢idichidi] , (3.2)

where a summation over ¢ = 0, 1, 2 is implicitly understood and the indices of the fields ¢;
are identified modulo three. In order to see how the dilatation operator acts on a general
operator O = "L Tr¢;, ... ¢;, to first loop order in the planar limit we calculate the
Feynman graphs and regularize in accordance with [[[6], [[7]. The vector space, spanning
these operators, can be mapped to the vector space of a spin-1 chain (see for details).
We define the basis states |0), |1) and |2) for the spin chain which correspond to the
fields ¢g, ¢1 and ¢2. By introducing the operators E;;, which act on the basis states as
Eijlk) = 6;x]i), the dilatation operator can be written as a spin-chain Hamiltonian with
nearest-neighbour interactions, i.e. A =%, H L+ where
LI+l gl l+1 l I+1 l I+1
H = BB — aBip B — CEL B
l I+1 l l+1 l I+1
+ qq*Ei+1,i+1E¢,J{ - qh*Ei+1,i+2Ei,—l‘—+2 - q*hEi+2,i+1Ei1_2,i
l l+1 l I+1 l I+1
+ hEi+27iEii2,i+1 + h*Ei,i+2Eiil,i+2 + hh*Ei,iEi,J{ . (3.3)

The direct product between the operators £;; is suppressed. If we use the convention

1 0 0
00 =10 =11 2)=10], (3-4)
0 0 1



the Hamiltonian can be expressed as the matrix

h*h 0 0 0 0 h 0 —q¢*h 0
0 1 0 —q* 0 0 0 0 h*
0 0 q*q 0 —qgh* 0 —gq 0 0
0 —q 0 q*q 0 0 0 0 —qh*

HWAHL = 0 0 —¢h 0 h*h 0 h 0 0 (3.5)

h* 0 0 0 0 1 0 —¢* 0
0 0 —q* 0 h* 0 1 0 0

—qh* 0 0 0 0 —q 0 qa'q 0
0 h 0 —q*h 0 0 0 0 h*h

We will now search for special values of the parameters h and ¢ for which the spin-
chain Hamiltonian (B.3) is integrable. When h is absent, the analysis simplifies consider-
ably, because the usual S-matrix techniques can be used [[[7, [[9, B§]. The existence of a
homogeneous eigenstate, an eigenstate of the form |a)® |a)...® |a), is crucial for the
S-matrix techniques to work. From this reference state, excitations can be defined. In this
context, the state |a) is a pure state, that is, one of the states |0), |1) or |2).

When h is non-zero, the analysis become significantly harder. The only values for the
parameters, for which it is possible to define a homogeneous eigenstate are ¢ = 1+ €2™/3p,

i2mn/3

org=—-land h=e , where n is an arbitrary integer. In these cases the homogeneous

eigenstates are
i2mTm _ i2mm

la) =|0) +e 3 [1)+e 3 |2), meZ. (3.6)

Clearly, the two Z3 symmetries are manifest. For ¢ = 1 + he2™/3_ the eigenvalues are
zero, thus the corresponding states are protected. This case is related to the g-deformed
Hamiltonian by a simple change of variables. We introduce a new basis

i27Tn

0) = ﬁ(\6>+!i>+i>),
1~ i2r ~ _i2r ~
1) = S0+ F D)+ F ).
2) = — ([0 + e~ F[T) + e FPR)), (3.7)

V3

where n is an integer. It will shortly be shown that the phase shift in |0) will imply that

+i27/3 can be transformed away from h. The Hamiltonian expressed in the new

a phase e
basis (B.7) takes the same form as (B.3), but with new parameters ¢ and h and an overall

proportionality factor

127 127 _ i27n

es —qe 3 +he 3. (3.8)
The new parameters § and / can then be expressed in terms of the old parameters as
127 —i27 i2mn
- ge s —e 3 —he 3
9= &z —i2r —i27n (3-9)
€3 —qge 3 +he "3
i27n
~ 1—qg+he 3
h = ion —ion —i2nn ° (3'10)

e3 —qge 3 + he™ 3



—i2mn/3 4 1 corresponds to the g-deformed case, and if h’s imaginary

The case ¢ = he
part comes from the phase €¢2™/3, the remaining part is phase independent. This is in
agreement with reference 9. The integrable case ¢ equals a phase will correspond to the
case ¢ = he 2™/3 4 1 with h = pe’2™/3 with p and ¢ being real. It is also clear that the

i27n/3

case q=—1land h=e is related by the change of basis to a Hamiltonian of the form

H = Z 3 [EsEs' + EgEey’ + ELELT] - (3.11)
i

This case looks perhaps trivial, but it is not. The different eigenvalues equal 3n with
n=0,1,2,...,L —2, L. Note that the value L — 1 is absent for this periodic spin chain?.
The states have a large degree of degeneration.

For other values of ¢ and h, a reference state does not have a precise meaning. Hence,
we cannot adapt the S-matrix formalism. Instead, we will try to find an R-matrix, from
which the Hamiltonian (B.3) is obtainable. The existence of an R-matrix R(u), depending
on the spectral parameter u, is sufficient to ensure integrability. All R-matrices necessarily
have to satisfy the Yang-Baxter equation

ng(u - U)ng (U)Rgg(v) = Rgg(v)ng(u)ng(u — U). (3.12)
The Hamiltonian can be obtained from the R-matrix through the following relation
d
p@R(uNu:uo =H, (3.13)

where P is the permutation operator, with the additional requirement R(ug) = P for some

point u = uyg.

4. A first look for integrability

In this section, we will show how the transformation of basis (B.4) combined with a position
dependent phase shift, sometimes called a twist, gives rise to new interesting cases of
integrability. In [[[q], the g-deformed case was studied. It was shown that for q equals a root
of unity, the phases can be transformed away into the boundary conditions. Furthermore,
it was shown in [I§ that the integrability properties do not get affected for any ¢ = el
where 3 is real. It was also established that a generalised SYM Lagrangian deformed with
three phases ~;, instead of just one variable, is integrable. The deformed theory is referred
to as the twisted (or vy-deformed) SYM and the corresponding one-loop dilatation operator
in the three scalar sector is

HU = (Bl B+ B B BB

[ i1l i+l | iye gl 4l | ivys gl pll
— | BBy + e Ey B "‘GWEOQEQO}

il ol | —ive ol ol | —irys ol el
— e Eyn By e PR Ey te 73E20E02]

+ [BL B + BB + BB (4.1)

2Excitations can be created if two states of the same number are next to each other. For example the
state |[112012) has energy three and the next highest energy state is [111112) with energy 4 x 3. The state
with the highest energy, equals to 6 x 3, is [111111).



A natural question to ask is if the phases can also be transformed away in a generic
Hamiltonian of the form (B.3). If both ¢ and h are present we can not, at least in any simple

way, transform away the phase of the complex variables. However, when ¢ = re®2™/3 it is
possible to do a position dependent coordinate transformation
0), = e310),,  |[D)g =B, and  [2)g = e 2RT/3)2),, (4.2)

as in [[[]® so that the phase of ¢ is transformed away. Here, k refers to the site of the
spin-chain state. This transformation changes the generators in the Hamiltonian as

=l i2tml
En,ner =€ 3 En,ner . (43)
This kind of transformation of basis generally results in twisted boundary conditions. Thus,

the periodic boundary condition |a)g = |a), for the original basis becomes in the new basis

~ i2n L |~ ~ —i2nL |~

‘6>0 = ’6>L, ‘1>0 = GT‘UL, and ‘2>0 =e 3 ‘2>L7 (4.4)

where L is the length of the spin chain. A consequence is that the system is invariant under a
rotation of ¢ by introducing appropriate twisted boundary conditions (.4). As an example,
the q-deformed Hamiltonian with periodic boundary conditions with ¢ = he'2™/3 4 1
(see text above (B:11))), is equivalent to ge’?™/3 = he™/3 4 1 with twisted boundary
conditions. Hence, the following cases are integrable

i27Tn 2Tm i2mTm i27Tn

h=pe 3, qg=(14+pe 3 and g=—-e 3 , h=e3s |, (4.5)

where p is real and can take both negative and positive values and n and m are arbitrary
independent integers.

One can actually combine the twist transformation above with the shift of basis (B.7)
in a non-trivial way. This combination will turn out to give a relation which maps the
Hamiltonian with arbitrary ¢ and vanishing h into the Hamiltonian with vanishing ¢ and
arbitrary h. The periodic boundary condition will, however, change for spin chains where
the length is not a multiple of three.

In terms of matrices the transformation can be represented as follows. Let us represent
the shift of basis (B.7) by the matrix T (with n set to zero)

1 1 1 1
T — ﬁ 1 ei27r/3 67i27r/3 , (46)
1 671’2”/3 ei27r/3

and the transformation matrix related to the phase shift (.9) by (but without the phase-
shift in the zero state |0))
1 0 0
U,= | 0e2/3 0 . (4.7)
0 0 e*i27rk/3

3Note that the phase factor in |0) is not position dependent, it was only added in order to cancel the
extra phase which would have appeared in front of the terms having h in them.



The transformation that takes the g-deformed to the h-deformed Hamiltonian is then
H=THT", (4.8)
where
T =(TRT)Up @Upy ) (T 2T, (4.9)

Acting with this transformation on the Hamiltonian (B.J) we get the new Hamiltonian

ST x ol il ¥ 7l I+1 D" I+1
H = CqE B i — h By B — B B
* 1l 41 l I+1 * 7l I+1
+ A B By hE o, F W E i1 B

* 7l l+1 l I+1 l I+1
- q Ez‘+2,z‘Ez‘J+rz,z‘+1 - qu,i+2E¢J+r1,z'+2 + E”EJ ) (4.10)
Up to an overall factor, the transformation ({.§) change the couplings as
q#0 and h =0 = qg=0 and h=-1/q (4.11)

In terms of states, the map ([.§) generates the following change

la) 143k — |la — Diqak,  |a)etse — la+ Logar, |a)sk — |a)sk, (4.12)

where a takes the values 0, 1 or 2. Let us investigate how the transformation ([.10) affect
the boundary conditions. From equation ([.1J) we see that the original periodic boundary
conditions |a)g = |a), translate into

|0new>0 — |2new>L, |1new>0 — |0new>L and |2new>0 — |1new>L, (413)

if the length L of the spin chain is one modulo three and the opposite, [0™¢")q = [1™¢*) [, elc,
for the two modulo three case. If the length is a multiple of three the boundary conditions
remain the same.

If we start from the Hamiltonian of the v-deformed SYM (1)), the transformation
([{.9) leads to the Hamiltonian

Li+l _ [l i+l i i+l i i+l
H = |EgoEy] + Eni By + ExnEy }
— |e "t EY B + em LB B 4+ e_m_lEiQE?oLl]

[ ivm gl il | iyl il | dvyeg il il
— €M ER B + M BByt + € By By }

+ |Blo B! + BL BT + BpE!) (4.14)

This Hamiltonian describes interactions which differ from systems we have previously en-
countered, since here the interactions are site dependent. This behavior shows up naturally
in a non-commutative theory. In [[§], it was discussed that the v-deformed SYM corre-
sponds to a form of non-commutative deformation of N'=4 SYM.
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Figure 1: Spin chain with three sites. The left graph shows the energy spectrum as a function of
the phase ¢, when ¢ = €™ and h = 0. The right graph shows the spectrum as a function of the
phase 6, when h = ¢ and § = 0.

If all the v; are equal, the Hamiltonian above will corresponds to our original Hamil-
tonian (B-J) with ¢ = 0 and h = ¢%. The associated R-matrix is

R(u) = [Ey Efg' + Elp Byl + By Eg; |
e (BB + By B + BB
— ue” [EloBd ' + By Eqft + Eg Byt
+ [Ebo By + EL Bl + En By
+ (1—u) [EL B! + By B + E Byl (4.15)

We have checked explicit that ([l.15) satisfies the Yang-Baxter equation. This means that
the theory is integrable!

In the rest of this section we will discuss the spectrum when the spin-chain Hamiltonian
(B.3) is either g-deformed or h-deformed. Figure [l shows the spectrum for a three-site spin-
chain Hamiltonian. The left graph shows how the energy depends on the phase ¢, with
q = ¢ and h = 0. The right graph shows instead how the eigenvalues vary as a function
0, when h = ei? and ¢ = 0. Figure f| shows the same spectra for a four-site spin chain.
All graphs contain energies which are the eigenvalues of several states. Highly degenerate
states are generally a sign of integrability because they reflect a large number of symmetries
in the theory.

Let us start by explaining the spectra in Figure[ll. When £ is zero there is only one sinus
curve while when ¢ is zero there are three sinus curves. The reason is the transformation
([ETT), since it maps ¢ = €' and h = 0 into h = € and § = 0 with the relation of the
phases 0 = 7 — ¢ + 27n/3. Therefore, for each value of ¢ there exist several values of h
which differ by a phase 27/3. For ¢ = 0, there is a state, independent of the phase, with
energy three. This state is absent for 7 = 0. One example of such a state is |000) — |111).
The “inverse” transformation, see (f.19), of this state is |120) — |201), which is zero due to
periodicity.
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Figure 2: Spin chain with four sites. The left graph shows the energy spectrum as a function of
the phase ¢, when ¢ = €™ and h = 0. The right graph shows the spectrum as a function of the
phase 6, when h = ¢ and § = 0.

The four-site spin chain (see Figure []) differs substantially from the spin chain with
three sites. The case ¢ = 0 is completely phase-independent. The reason is the boundary
conditions. Actually, spin chains with the number of sites differing from multiples of three
will have spectra which do not depend on the phase. It will just coincide with the spectra

—i27/3 and h = 0. Starting with the case ¢ equal to a root of unity it is

for the case g = ¢
possible to make a transformation, changing the boundary conditions, such that the phase

of ¢ is removed [[7]. The change in the boundary conditions is then
0% =10%r,  |1%=¢€®[1%, and  [2°)0 = e “?]2°), (4.16)

where ® is a phase factor, the exact form of which is not important for our purposes. The
effect ({.16) has on the boundary conditions ([.13) is, when L is one modulo three,

‘Onew>0 — ‘2n6w>L’ ‘1new>0 _ ei¢‘0n6w>L and ’2new>0 — e—i¢‘1n6w>L ) (4.17)

If we make the shift [17€%) — ¢/®|1"°%) we see that this corresponds to the boundary
conditions (f.13). The same procedure can be made when L is two modulo three. This
means that any ¢ equal to root of unity? can be mapped to any h with the phase § =
7w + 2np/n + 27m /3. All values of h will then give the same energy spectrum due to
the fact that p,n and m are arbitrary integer numbers, so the possible values of 6 will in
principle fill up the real axis. This implies that the energy must be the same for all values
of . For ¢ = e="/3 and h = 0 there is a direct map (see (B:9)) to the case ¢ = 0 and
h = —e*™/3 which does not change the boundary conditions. The energy spectra for these
two cases must be the same. Consequently, the spectra for “all” points coincide with the
spectrum of ¢ = e~*?™/3 and h = 0. The fact that the shape of the eigenvalue distribution
changes drastically depending on how many sites there are suggests that a well-defined
large L-limit does not exist. However, it might still be possible to find a well-defined large
L-limit if only L-multiples of three is considered.

4q = €' is a root of unity iff n¢ = Omod 27 for n an integer. The phase is then ¢ = 27p/n where p is
an integer.

,10,



5. R-matrix

We will now try to make a general ansatz for an R-matrix which has the possibility to give
rise to our Hamiltonian (B.3). A linear ansatz will turn out to lead to the cases we found in
the previous section. To find a new solution the ansatz need to be more complicated, for
instance consisting of elliptic functions. We are interested in an R-matrix of the following
form
R(u) = aB;; ® E;j +bE;; ® Eiy1i41 + 0Ei1,i41 ® By

+ cFiip1 @ Eig1;+ cEig1; @ By i

+ dEit1i+2 @ Eijvo +dEiy2i11 ® Eiyo;

+ eFiy2; ® Fiyo i1+ el 10 ® Eipqit2, (5.1)
where the coefficients are functions of a spectral parameter wu.

Written on matrix form the R-matrix is

a 00 00 e 0 dO
0 b0 c 0000 e
00 b 0OdoO o0 0
0 ¢ 0b O0O0O0O0d
R=]0 0d 0 a 0 e 0 0 (5.2)
e 00 005b 0 ¢ 0
00 c 0e 0b 00
d 00 00 o0 b o
0 e 0Od0OOOO0 a

A natural first step to look for a R-matrix solution is to make a linear ansatz which will

give the Hamiltonian (B.J) as in (B.13).
The Hamiltonian can also be defined through the permuted $R-matrix

R = PR, (5.3)

where P is the 9 x 9 permutation matrix.

If R(u)|y=uo = P or R(u)|y=y, = P, the Hamiltonian is obtained as
d d
H = P@R(uﬂu:uo or H= P@%(uﬂu:uo. (5.4)
The linear ansatz below has the property that it gives the Hamiltonian (B.3) in accordance

with the first formula in (.4)

a(u) = (h*h — k)u+ «, b(u) = —qu, d(u) = —q*hu,
clu) = (¢"q—ku+ a, b(u) = —q*u, e(u) = hu,
c(u) = 1-ku+a, d(u) = h*u, é(u) = —qgh*u, (5.5)

with k and « being free parameters, the Yang-Baxter equations turn out to be independent
of o while they demand k to be k = % (1+ h*h + q*q). Inserting the linear ansatz in the
Yang-Baxter equation we find that the equation is satisfied either if

g=¢e?andh=0 or ¢g=0andh=¢", (5.6)

— 11 —



where ¢ and 6 can be any phase, or if the following equations holds

¢¥p = (14 pe™) | (5.7)
e B = (1 + peii?’@) , (5.8)
r==+(1+p), (5.9)

where we used the notation that ¢ = re’® and h = pe'® and let r and p be any real numbers.
Here we immediately see that the relations between the real parts of ¢ and h are given by
the last equation, hence we only need to consider which angles are not in contradiction to
that. The solution is

q = rei?™/3 h=(1+r)e?™™/3, (5.10)

where we once again let r take any real number. Now we would like to see whether there
exist solutions if an ansatz is made with the permuted version of the R-matrix ansatz (5.9).
We obtain

a(u) = (h*h — k)u+ «, c(p) = —q*u, e(u) = hu,
by = (1—Kuta,  cw=—qu,  dw)=—qhu,
b(u) = (¢"q — k)u+a, d(u) = —qh*u, é(u) = h*u. (5.11)

The conditions from the Yang-Baxter equation read
7 =-q, Wt =h?, (5.12)
with no restriction on k£ and a. The only solution to this is
q= —e2m/3 , h = 2™/ (5.13)

(or ¢ =0 and h = 0). This is the other type of solution we expected from the last section.

The one corresponding to ¢ = —1 and h = e?27/3

and that one but with twisted boundary
conditions. Hence a R-matrix with a linear dependence on the spectral parameter u can
not give us more integrable cases than already found. We need a more general R-matrix

solution to find new interesting cases.

5.1 Symmetries revealed

In order to address the problem of finding the most general solution for the R-matrix (f.3)
it is an advantage to make use of the symmetries. We choose the representation

R

(wiTi ®8S;i+wiS; T; +vi B ® EQZ') . (5.14)

3
=1

)

All indices in this section are modulo three if not otherwise stated. The generators S;, T;

and F; are
0 0 1 0 1 00 1
Si={eF 0 0], S=[F o, S3=110 0],
0 eF 0 0 5 0 010

- 12 —



0 es 0 e '3 ( 0 1 0
Ti=10 0o 5|, m=|0o 0o 5|, my=|0 o0 1],

1 0 0 1 0 0 100

10 0 1 0 0 100
Er=|0 % 0 |, EB=(0eF 0 |, EB=(01 0].5.15

0 0 e 0 0 e 5 00 1

How the functions in the R-matrix (5.9) are expressed in terms of the functions w;, @; and
~; can be found in appendix [A.1]. The generators are related by

_s2nm(l—-k) - 27l

SpSi=e"""5 Top SkTi = By SLE; = €5 Spi

_i2n(i=k) _j2m(i=k) 516
TpS =e ER Ty =e 3 Sop_y TvE, =T, ( . )
EySy = Skt BT = 50Ty, EvE; = Eiqy

Using these relations it is straightforward to obtain the Yang-Baxter equations which can
be found in appendix [A.9. A nice feature of these equations is that all of them, except
the fourth, the fifth and the sixth, can be generated from the first equation through the
cyclic permutations wy411 — Wpy1 — v3 and 2 — wy — Wy — Y1 — Wnt2 — Wpio. The
remaining three equations are related to each other by the same cyclic permutation. The

structure of the equations ([A.2) is similar to the Yang-Baxter equations in the eight-vertex
model [53, ]

I !N /i N
WnWW; — Wiwpwy, + wjwpwy, — wrwiw] =0, (5.17)

for all cyclic permutations (7, k, [, n) of (1,2,3,4). These equations can neatly be represented
by writing the elements in rectangular objects

Wn| W | Wj |WE

Wi |Wn |WE | Wj

Wy | Wk |{wn | Wi |- (5.18)

Wi |Wj | Wy |wn

Wn|wy |wj |wk

Note the beautiful toroidal pattern. The object above should be interpreted as follows.
The first three rows represent the equation (f.17) with the first column representing the
first term in (p.17)

(5.19)

(5.20)
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The next three rows represent another equation of eight-vertex model

Wi |wn |Wk | wj

_ /N A/ AN/ o
Wj | Wk |wn | Wl | = wiwjwy, — wpwiw; + wrwpwy — wjwiwy, = 0. (5.21)

Wg|Wj | W] |Wn

Our equations can also be represented in terms of similar rectangular objects, with the
same toroidal pattern

wa|wi |W2| 71|73 |Ws
wi|wa |71 |W2|Ws3| V3
V3|71 |wa |W3|W2 |wi |- (5.22)
V1|73 | W3 |wa|w1 |W2
W2 |Ww3| V3 (w1 |w2 |71

The first three rows give the second equation in (A.J) with n = 3. The next three rows are
the seventh equation in (&) with n = 1. This suggests that the system of equations ([A.2)
should have a nice solution, just like the eight-vertex model. The first row determines the
rest of the entries, thus all equations can be represented with just the upper row. Hence,
all the 36 equations can be represented by the following rows

‘wnJrl‘ Wn ‘U_}nJrl‘ n ‘ V3 ‘@n+2‘ ‘WnJrl‘ Wn ‘(Dn ‘72 ‘71 “DnJrl‘
‘ Wn, ‘WnJrl‘ Wn ‘ V2 ‘ 3 ‘@n+2‘ ‘ wo ‘ V2 ‘ w1 ‘ " ‘ w3 ‘ 73 ‘ (5.23)
‘072‘002‘@1‘011‘@3‘&13‘ ‘71‘@2‘72‘@1‘73‘@3‘-

The solution to the eight-vertex model is a product of theta functions. The cyclicity and
periodicity properties of the eight vertex model is mirrored into the rectangular object. Due
to the combination of addition theorems for theta functions and the intrinsic properties
of the equations, the rectangular objects make it easy to see if an ansatz solves all the
equations. We believe that the addition theorems for theta functions generating the solution
of the eight-vertex model should be possible to generalize to any even sized rectangular
object. It would then be interesting to see if those equations are related to an R-matrix of
arbitrary dimension.

5.2 A hyperbolic solution

If the following ansatz w; = e%Qi, @; = Qi and v = " where we let Q;, Q; and K; be
arbitrary constants is made, it leads us to the following solution

w1 = teu, Wy = 6Q2ua Y1 = 6Q2u7
wo = Q24 @y = @1 gy = 1t (5.24)
w3 = 6Q3u, W3 = BQSU, V3= 6Q3u )

The following Hamiltonian is obtained from the above R-matrix solution

L+l _ gl I+1 i ol I+1 i ol I+1
H =B, @Bl 1+ EL @Bl +e PE, ®F

i+l i1,
I 41 | —i¢ ol I+1 i 7ol I+1

+ B © B+ e B i © B, + € ElLy 0 © BTy,
—i¢ ol I+1 i ol I+1 ! 1+1

+ e B, ® Eifoipn T E 2@ E 0+ B QB ;. (5.25)
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Figure 3: The eigenvalue dependence on the phase for the the Hamiltonian ()

where ' = (Q2¢™™/% + Q1e7*/3) /(Q? + Q3 — Q1Q2) (we put Q3 to zero because it does
not give us any more information). Here we also made use of the fact that the Hamiltonian
obtained from the procedure (B.13) can be rescaled plus that something proportional to
the identity matrix can be added. Actually this Hamiltonian can be related with the
transformation (B.9) to a completely diagonal Hamiltonian, such that it is included in the
integrable models mentioned in [IJ]. In figure [ the graph to the left shows how the energy
eigenvalues of the Hamiltonian (5.2§) depends on the phase ¢. The graph to the right
shows the eigenvalues, of the Hamiltonian if we change the sign in front of the second and
third term in (p.25), depending on the phase ¢. The graph to the right looks very amusing.
It looks very similar to the graph to the left if that is turned upside down and deformed
in a considerable symmetrical way.

6. Broken Zj x Zs symmetry

Relaxing the one-loop finiteness condition (.2), by choosing h%° = h??2 = 0 and h'! < h
in the superpotential (R.3) breaks the Z3 x Z3 symmetry. The superpotential is

h
W o Tr | §g® Dy — & DDy + gqﬁ’ , (6.1)

where an overall factor is excluded. This superpotential is actually easier to study since
the dilatation operator has homogeneous vacua |0)|0) ... |0) and |2)|2)...|2). The mixing-
matrix for the anomalous dimensions has the form of a spin-chain Hamiltonian arising from
R-matrices found by Fateev-Zamolodchikov (or XXZ) [BZ] and the Izergin-Korepin [BJ.
This type of models were considered in [B4] even though the authors never completely
classified them. They have a U(1)-symmetry which can be used to get rid of the phase in
the complex variable h.

In this setting, there is no longer a cancelation between the fermion loop and the
scalar self-energy. The additional contribution to the Hamiltonian is of the form (B.§)
(see appendix [J for details). The spin chain obtained from the superpotential .1] is, with

,15,



0
h*h
10 1
1 h* 1
h*h
1 1- B
H= h 0 h (6.2)
h*h
1- B 1
1 h* 1
h*h
1 1B
0

The term h*h/2, is the fermion loop contribution from the self-energy. We will show that
for the special values ¢ = —1 and h = €*?v/2, this Hamiltonian can be obtained from the
spin-1 XXZ R-matrix. The phase of h is redundant, the energy does not depend on it,
and can be phased away through the transformation |1) = e~%/2|1). The R-matrix for the
XXZ-model is [B]

s=1
S
" , t = eJ sinh(u)
T a* R r = Jsinh 2n
r t __ _i¢ ysinhwusinh2n
a=¢e? =+
sinh(u+n)
R(u) = a g a R= JsinhnsinhQn (63)
i = J bt
_ ysinhusinh(u—n)
" t c=¢et+ R
s 1
J = sinh(u+2n)

where € = +1. The € in ¢ in (.3) is added after checking that the R-matrix still satisfies
Yang-Baxter equation. If we put v = 0, the R-matrix becomes the permutation matrix.
Thus, a Hamiltonian can be obtained from the R-matrix by the usual procedure H =
PR'|—¢. Performing the derivatives at the point u = 0 gives

¢ —0 V. 1 7q,:_cosh277 o — i 1
’ sinh 2’ sinh 29’ sinhn’
, coshn  cosh2n , 1 , , ,
— — s T = — s = t R . 64
sinhn  sinh 27 sinh 2n CEaT (64)

Multiplying all parameters with sinh 27, the new variables, evaluated at n = /4, leads to

§=0, '=-1, #=0, d=€%/2, RR=-1, T'=-1, ¢ =0. (6.5)
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Energy

4 L L L L L L L i L L L L L L L
-2 -15 -1 -05 0 0.5 1 15 2 -2 -15 -1 -05 0 0.5 1 15 2
h h

Figure 4: To the left is the spectra for the case h°°° = h222 = 0 and h''' = h depending on h
when ¢ = —1, and to the right is the spectra for the case h//! all equal to h (up to a constant
factor) depending on h when ¢ = —1

with the corresponding Hamiltonian

0
0 +1
-1 e 9\/2 -1
+1 0
H= e'\/2 0 e'\/2 (6.6)
0 +1
-1 e 92 —1
+1 0
0
If we make the choice ¢ = —1, this is the spin chain Hamiltonian with deformation h =

e'?y/2 and ¢ = —1 ! Looking at the left graph of Figure H of a four-site spin chain we see
that two lines cross at this point. This might, however, just be a coincidence. A special
feature with ¢ = —1 is that there is a Zs-symmetry due to the invariance under exchange
of the fields &y and ®.

The right graph shows the same spectrum, but with all couplings h!!!

equal to h, up
to a constant factor. The point h = 1 —+/3 is special, since at this point the transformation
(B9) is “self-dual” , which means here that ¢ = ¢ and h = h.

7. Conclusions

We have studied the dilatation operator, corresponding to the general Leigh-Strassler de-
formation with h non-zero of N' =4 SYM, in order to find new integrable points in the
parameter-space of couplings. In particular we have found a relationship between the -
deformed SYM and a site dependent spin-chain Hamiltonian. When all parameters ~; are
equal, this relates an entirely g-deformed to an entirely h-deformed superpotential. For
q = 0 and the h = ¢ where 6 is real, we have found a new R-matrix (see [L15).
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We found a way of representing a general ansatz for the R-matrix, with the right form
to give the dilatation operator, which makes the structure of the Yang-Baxter equations
clear. The equations can be represented in terms of rectangular objects, which reveals that
the underlying structure is a generalized version of the structure of the eight-vertex model.
We presented all values of the parameters ¢ and h for which the spin-chain Hamiltonian can
be obtained from R-matrices with a linear dependence on the spectral parameter. Most of
them were related to the g-deformed case through a simple shift of basis with a real phase
B, or a shift with a twist with the phase +27/3, which reflects the Zs-symmetry.

We also found a new hyperbolic R-matrix (§.25) which, through a simple change of
basis, gives a Hamiltonian with only diagonal terms which was included in the cases studied
in [IJ]. We had a brief look at a case with broken Z3 x Z3 symmetry and found that the
matrix of anomalous dimensions can for some special values of the parameters be obtained
from the Fateev-Zamolodchikov R-matrix.

We conjecture that the Yang-Baxter equations found for the general R-matrix have a
solution which is a generalized version of the solution to the eight-vertex model. If this
solution exists, it is plausible that there will exist more points in the parameter space for
which the dilatation operator is integrable. To find a general solution to these equations
would be of interest in its own right. From a mathematical point of view, it is then
interesting to generalize the solution to an R-matrix of arbitrary dimension.

The found relationship between the g- and the h-deformed superpotential should be
visible in the dual string theory, and should also give a clue of what that string theory
looks like. Another way to approach the problem, as mentioned in [, is to first find a
coherent state spin chain and from that reconstruct the dual geometry. The coherent state
spin chain [g] is valid for small 3, i.e. ¢ ~ 1. We believe that making use of the basis
transformation (B.9) makes it possible to create a coherent state spin chain for ¢ ~ 1 and
small h acting with the transformation (B.9) on a ¢ close to one gives a new ¢ close to
one and a new small h. We also hope that due to the relation between vanishing h and
vanishing ¢ it is possible to write a coherent sigma model for both ¢ and h close to one. It
would then be very interesting to find the dual geometry, which corresponds to a further
away deformation of the N'=4 SYM.

One other thing of interest is to extend the analysis to other sectors of the theory and
to higher loop order. In the g-deformed case it is possible to argue that the integrability
holds to higher loop order [§], because the dilatation operator is related with a unitary
transformation to the case of the usual N' =4 SYM. In the same way can we argue about
the h-deformed case, even though we have to consider the induced effects of the spin chain
periodicity.
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A. Yang-Baxter equations for the general case

The functions in the R-Matrix (f.2) are expressed in terms of the functions w;, @; and ~; as

(DQ(U) + @3(21) R (Al)

Yang-Baxter equations from the R-matrix ansatz (p.14) read

Wit Wyy9YV3 — Wi2Why a1V +Y300Whe1 — Y21 Dry @1 VoWt — @nYawhye = 0,

W Wigo V] — Wik2Wr1 13 + V100000 — V30n@io +@On V3w — @21 Wie = 0,

W Wita Ve — Wrt2Wi 11 7200 @nye — NOni2@nig T @ni2Y1Wnt — @niYowWne = 0,

W1Ep Wh — D1Whp g W3 +Wald oW — Daws,, 107 +WoPpw] — @ows, @5 = 0,

VoWr1 V1 V3R 172 FVIWR TS — WITpWs — WaYpp Wi — waYp_1w] = 0,

V1@y, 179 +Y2@r41 75 V3OV — D1 V1@ — @2V @y — @3Y,@] = 0,

B Dot — G2 g Wy — Wn V3] FWnn N3 — NWpa@nye +13wWp0nn = 0,

2@ 1 Whio — Ol @noWy, — Wn'¥3Y2 +Wni2 1273 — V2Wnio@n +73Wn0ne = 0,

D1 D ioWia — Ont2@n 1 Wnit — Wil 1172 W29 TN P — Y2Wnio@nge = 0,

Wrg2Wy, Wty — Wy yoWn +0n1 1371 — @n M3 +N1&0Wne — 130wy = 0,

WnWhi1 @y — WnidWn@nya — Oni27372 +EnY2Y3 — 1205w +Y30new, = 0,

Wrt2Wr1 Dyt — Wl Whyo@nio +Oni1¥9Y] — @ng2 V172 T V1@ 0Whte — V2@ Wiy = 0,
(A.2)

Here, we have defined w = w(u — v), &' = w(u) and W’ = w(v).

B. Self-energy with broken Z3 x Z3 symmetry

We will follow the prescription of [BJ] to compute the contribution to the Hamiltonian from
the superpotential (p.])), when conformal invariance is broken. The additional terms are
coming from the self-energy fermion loop.

The scalar self-energy of the vertices is, in N' =4 SYM,

gy u(L+1)
872

N :Tr (&z(ﬁz) Ly (Bl)
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where L = logzr=2 — (1/e +~+logm +2). The scalar-vector contribution to this is
_Q%A/](L‘H) 9% a (L+1)

872 A2 .
bution comes from the superpotential; this is the part which will be altered by the extra

, and the fermion loop contribution is Half of the fermion contri-

h-dependent part of the superpotential. Hence, the additional term to the new spin chain,
besides the F-term scalar part, is
h*h  g*(L+1)
1+q*q 8m?

N :Tr (¢1¢n) : . (B.2)

Then, we will have an effective scalar interaction which just comes from the F-term (since
we have the same cancelation as in the N' =4 SYM)[BH|

2 gimLl
(L+qq) 1672~ 71

(B.3)

where

Vi = (Tr [¢idir10i410i — Pit10ihit10i — ¢ Pipiy10iiy1)
+ Tr [qq* Giy10i0iPir1 — qh* dod2d1d1 — ¢ hd1d102¢0]
+ Tr [hr11od2 + h* pagodr 1 + hh* P11 drdn]) (B.4)
The plus-minus sign in (B.J) depends on which sign we choose for the superpotential. Since

all terms are multiplied by the same divergent factor we can set L = logz 2, just as in the
case of N'= 4. The contribution from the self-energy to the dilatation operator is

h*h
1+4q*q

and the F-term scalar interaction contribute with

(En®I+1®En), (B.5)

2 I 1 R N S "
e (Ez‘,z‘Em,m —qE B — R B
* 1l l * 7l l * l l
+ qq Ei—l—Li—l—lEi,Jirl —qh Ei+1,i+zE¢ﬂ2 —q hELoEle
+ BBl + b By BgS + hh* Bl L) (B.6)
We will now consider the case when ¢ = —1. The total dilatation operator simplifies to
0
h*h
1- 2 1
1 —qh* 1
h*h
1 1- &
H= h 0 h (B.7)
h*h
1 bk 1
1 h* 1
h*h
1 1- K
0

Here we have chosen a relative minus sign between the contribution from the fermion loop

and the scalar interaction term.
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